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Lie Affine Grassmannian perverse sheaves
1 Introduction
Link $n$
Conf $(\mathbb{C})_{n}:=\{(z_{1}, \cdots, z_{n})\in \mathbb{C}^{n}|z_{i}\neq Z_{j}$ , for $i\neq j\}$
Lie $\mathfrak{g}$ $V$ $U(g)$ -module $Conf(\mathbb{C})$
$V^{\otimes n}$ vector bundle vector bundle $KZ$
connection flat connection $\pi_{1}(Conf(\mathbb{C})_{n})$
$V^{\otimes n}$ pure braid
$\pi_{(}Conf(\mathbb{C})_{n})\simeq P_{n}$ Link Theory $Conf(\mathbb{C})_{n}$
$n$ $S_{n}$ $Conf(\mathbb{C})_{n}/S_{n}$
$\pi_{1}(Conf(\mathbb{C})_{n}/S_{n})\simeq B_{n}$ Braid Braid
$KZ$ Braid $U(\mathfrak{g})$ -module
$U_{q}(\mathfrak{g})$ -module $R$
$\mathfrak{s}\mathfrak{l}_{2}$ vector Jones $\mathfrak{s} _{}n$
vector HOMFLY
Link Khovanov Link $L$
$H^{**}(L)$ bigraded module Link weight Euler Jones
Jones $(L)= \sum(-1)^{i}q^{j}dimH^{i,j}(L)$
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2 Affine Grassmannian Geometric Satake
$G$ connected reductive group $\check{G}$ Langlands dual group Langlands
dual group $\check{G}$ root $G$ coroot $\check{G}$ coroot $G$
root
$\mathcal{K}=\mathbb{C}((z)),$ $\mathcal{O}=\mathbb{C}[[z]]$
$\check{G}$ affine Grassmannian $\mathcal{G}a=\check{G}(\mathcal{K})/\check{G}(\mathcal{O})$
A $G$ $\omega$weight lattice $\check{G}(\mathcal{K})/\check{G}(\mathcal{O})$ $\check{G}(\mathcal{O})$




$\mathcal{G}_{\check{\v{C}}}^{\lambda}$ $\rho$ positive root half sum $<\lambda,$ $2\rho>$
$\overline{\mathcal{G}_{\mathcal{C}}^{\lambda}}$
$\mathcal{G}_{G}^{\lambda}$ $\mathcal{G}c$ closure projective variety $\overline{\mathcal{G}_{e}^{\lambda}}=\bigcup_{\mu}\leq\lambda \mathcal{G}^{\mu}$
$L^{\backslash }A\uparrow k_{\backslash }g$ minuscule
$\lambda$ minuscule $– \mathcal{G}q\lambda=\mathcal{G}^{\lambda}$ smooth
$IC^{\lambda}$
$\overline{\mathcal{G}_{G}^{\lambda}}$ intersection cohomology complex $Perv_{\dot{G}(\mathcal{O})}(\mathcal{G}_{\check{\v{C}}})$ $\mathcal{G}a$
$\check{G}(\mathcal{O})$ perverse sheaves category object $IC^{\lambda}$
Perv$G(\mathcal{O})(\mathcal{G}_{d})$ convolution product
Tannakian formalism Perva $\mathcal{O}$) $(\mathcal{G}_{G})$
Hopf $\Phi$$$\grave{}\grave{}$/$T$-$\grave{}$
Theorem 2.1. Geometric Satake
$Perv_{\check{\v{C}}(\mathcal{O})}(\mathcal{G}_{G})\simeq Rep(G)$
$V^{\lambda_{1}}\otimes\cdots\otimes V^{\lambda_{n}}$ $G$ module $IC^{\lambda_{1}}*\cdots*IC^{\lambda_{n}}$
3 :Jones
Geometric Satake $KZ$
Conf $(\mathbb{C})_{n}$ vector bundle fiber space $V^{\lambda_{1}}\otimes\cdots\otimes V^{\lambda_{n}}$ $IC^{\lambda_{1}}*\cdots*IC^{\lambda_{n}}$
intersection cohomology complex $IC^{\lambda_{1}}*\cdots*IC^{\lambda_{n}}$




$SL_{2}$ dual Langlands group $PGL_{2}$
$\omega$ $PGL_{2}$ minuscule coweight $\mathcal{G}_{PGL_{2}}^{\omega}$ $PGL_{2^{-}}$affine Grassmannian $PGL_{2}(\mathcal{O})-$
orbit fusion product $\mathcal{G}_{PGL_{2}}^{\omega}*\cdots*\mathcal{G}_{PGL_{2}}^{\omega}$ $V^{\otimes n}$ variety
$L_{0}$ $\mathcal{G}_{PGL_{2}}$ $PGL(\mathcal{O})$-identity coset $(L_{1}, L_{2})\in \mathcal{G}_{PGL_{2}}\cross \mathcal{G}_{PGL_{2}}$ $L_{1}arrow L_{2}$
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$(L_{1}, L_{2})$ $(L_{0}, z^{\omega})$ $PGL_{2}(\mathcal{K})$ -orbit
$\mathcal{G}_{PGL_{2}}^{\omega}*\cdots*\mathcal{G}_{PGL_{2}}^{\omega}=\{(L_{1}, \cdots, L_{n})\in \mathcal{G}_{PGL_{2}}^{n}|L_{0}arrow L_{1}arrow\cdotsarrow L_{n}\}$
$Y_{n}=\mathcal{G}_{PGL_{2}}^{\omega}*\cdots*\mathcal{G}_{PGL_{2}}^{\omega}$ $Y_{n}$ $\mathbb{P}^{1}$ iterated bundle
$\ovalbox{\tt\small REJECT}\simeq(\mathbb{P}^{1})^{n}$ $Z_{n}^{i}\subset Y_{n}\cross Y_{n},$ $1\leq i\leq n$
$Z_{n}^{i}:=\{(L, L’)\in Y_{n}\cross Y_{n}|L_{i}\neq L_{i}’\}$
$Z_{n}^{i}$ variety $\mathcal{O}_{Z_{n}^{i}}$ kernel Fourie-Mukai
$\sigma_{i}$ : $D^{b}(Y_{n})arrow D^{b}(Y_{n})$ derived category $D^{b}(Y_{n})$ autoequivalence
Theorem 3.1. $D^{b}(Y_{n})$ autoequivalence $\sigma_{i}$ braid Telation
$\sigma_{i}\circ\sigma_{j}\circ\sigma_{i}\cong\sigma_{j}\circ\sigma_{i}\circ\sigma_{j}$
$H^{*}(Y_{n})\simeq V^{\otimes n}$ $KZ$
braid category $\sigma_{i}$ bigraded
Link homoology weight Euler Jones
$H^{*}(\mathbb{P}^{1})$
4 :
Geometric Satake $\mathcal{K}$ $\mathcal{O}$
$X$ $\mathbb{C}$ smooth curve $x\in X$ $\mathcal{O}$
$\mathbb{C}[z]$ non-canonical
$\mathcal{O}_{x}$ $\mathbb{C}[z]$ $x\in X$ coordinate
$x$ $\mathcal{O}_{x}$
$\mathbb{C}[[z]]$
$\mathbb{C}((z))$ $\mathbb{C}[[z]|$ affine Grassmannian $G(\mathcal{K})/G(\mathcal{O})$
$l\ovalbox{\tt\small REJECT} G(\mathcal{K}_{x})/G(\mathcal{O}_{x})$
$\hat{\mathcal{O}}_{x}$
$\mathcal{K}_{x}$ $x\in X$ $G(\mathcal{K}_{x})/G(\hat{\mathcal{O}}_{x})$ $X$
affine Grassmannian smooth curve
bundle
Proposition 1. $P$ $X$ principal $\check{G}$-bundle $P$ $X-x$ trivialize
$X-x$ affine curve
principal bundle$P$ $x\in X$
$X-x$ $X-x$ affine variety $X$
bundle moduli $Bund_{\check{G}}(X)$ $\check{G}(A_{X-x})\backslash \check{G}(\mathcal{K}_{x})/\check{G}(\mathcal{O}_{x})$
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affine Grassmannian $x\in X$ loocal coordinate
$Bund_{\delta}(X)$ $\check{G}(A_{X-x})$
$\check{G}(A_{X-x})$ Bundle trivialization $\{(P, \phi)$ : $P\in Bund_{C}(X),$ $\phi$ :
$P_{0}|_{X-x}arrow P|x-x$ an isomorphism, $P_{0}$ trivial bundle}
Theorem 4.1. $X$ smooth curve $x\in X$
$G(\mathcal{K})/G(\mathcal{O})\simeq$ { $P$, principal $G$ -bundle, $\phi$ : trivialization of $P$ over $(X-x)$ } $\}$
affine Grassmaniann curve bundle moduli
affine Grassmaniann
$x\in X$ $G(\mathcal{K}_{x})/G(\hat{\mathcal{O}}_{x})$ bundle moduli
$X$ affine Grassmaniann fibration
$X^{n}$ $KZ$-connection
$x\in X$ $U\subset X$ $x$
$\mathcal{G}_{U,x}$ $:=\{(P, \phi)$ : $P$ principal $\check{G}$-bundle on $U$
and $\phi$ : $P_{0}|_{U\backslash x}arrow P|_{U\backslash x}$ an isomorphism}
$x$ coordinate $\mathcal{G}_{U,x}\simeq \mathcal{G}a$
$\mathcal{G}_{\mathcal{C}}^{\lambda}$ preimage $\mathcal{G}_{U,x}^{\lambda}$
$(P, \phi)\in \mathcal{G}_{U,x}^{\lambda}$ Hecke type $\lambda$ $x$
$(P_{1}, P_{2})$ $X$ G-bundle $X-x$ isomorphism $\phi$
$P_{1}$ $x\in U\subset X$ trivialization $\varphi$
trivialization $(P_{2}|_{U}, \phi’)\in \mathcal{G}_{U,x}$ Hecke
type $\lambda$ $\phi$ Hecke type $\lambda$
$\mathcal{G}_{n}^{\frac{\lambda}{X}}$ $:=\{(x_{1}, \cdots, x_{n})\in X^{n},$ $P$ is a principal $\check{G}$ bundle, $\phi$ : $P_{0}|_{X\backslash x_{1},\cdots,x_{n}}arrow P|_{X\backslash x_{1},\cdots,x_{n}}$ is
an isomorphism, $\phi$ has Hecke type $\leq\sum_{i}\lambda_{i}$ }
space $X^{n}$ family
$\tilde{\mathcal{G}}_{n}^{\frac{\lambda}{X}}$ $:=\{(x_{1}, \cdots, x_{n})\in X^{n},$ $P_{i}1\leq i\leq n$ are principal $\check{G}$ bundles,
$\phi_{i}$ : $P_{i-1}|_{X\backslash x_{i}}arrow P_{i}|_{X\backslash x}$: is an isomorphism, $\phi_{i}$ hae Hecke type $\lambda_{i}$ }
space $X^{n}$ family
isomorphism $\tilde{\mathcal{G}}_{n}^{\frac{\lambda}{X}}arrow \mathcal{G}_{n}^{\frac{\lambda}{X}}$
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